Reliability Measures of a Three-State Complex System: A Copula Approach by Ram, Mangey
Applications and Applied Mathematics: An International 
Journal (AAM) 
Volume 5 Issue 2 Article 10 
12-2010 
Reliability Measures of a Three-State Complex System: A Copula 
Approach 
Mangey Ram 
Graphic Era University 
Follow this and additional works at: https://digitalcommons.pvamu.edu/aam 
 Part of the Computer Sciences Commons, Numerical Analysis and Computation Commons, and the 
Statistics and Probability Commons 
Recommended Citation 
Ram, Mangey (2010). Reliability Measures of a Three-State Complex System: A Copula Approach, 
Applications and Applied Mathematics: An International Journal (AAM), Vol. 5, Iss. 2, Article 10. 
Available at: https://digitalcommons.pvamu.edu/aam/vol5/iss2/10 
This Article is brought to you for free and open access by Digital Commons @PVAMU. It has been accepted for 
inclusion in Applications and Applied Mathematics: An International Journal (AAM) by an authorized editor of 






Appl. Appl. Math. 
ISSN: 1932-9466 
 
Vol. 05, Issue 2 (December 2010),  pp. 386 – 395  
(Previously, Vol. 05, Issue 10, pp. 1483 – 1492) 
Applications and Applied 
Mathematics:  












Department of Mathematics  










Improvement in reliability and production play a very important role in system design. The two 
key factors, considered in predicting system reliability, are failure distribution of the component 
and system configuration. This research discusses the mathematical modeling of a highly 
reliable complex system, which is in three states i.e. normal, partial failed (degraded state) and 
complete failed state. The system, partial failed is due to the partial failure of internal 
components or redundancies and completely failed is due to catastrophic failure of the system. 
Repair rates are general functions of the time spent. All the transition rates are constant except 
for one transition where two types of repair namely exponential and general possible are tackled 
with the help of Gumbel-Hougaard family of copula. By employing the supplementary variable 
technique, Laplace transformation, various transition state probabilities, availability and cost 
analysis (predictable profit) are obtained along with steady-state behavior of the system. 
Inversions have also been carried out so as to obtain time dependent probabilities, which find 
out availability of the system at any instant. At last some special cases of the system have been 
taken. 
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1.  Introduction 
 
It has been frequently observed that the data from repairable complex systems usually contain 
more information than just the failure times. For instance, there may be in addition to failure 
times some information on the identity of the failed component, type of failure, type of repair, 
etc. One of the reasons for this could be that if the system is repaired after failure and the system 
is put in operation, then it might again fail and so on.  
 
Many researchers such as Gupta and Agarwal (1984), Garg and Goel (1985), Gupta and Sharma 
(1993), Cui and Li (2007), Pandey et al. (2008), and Ram and Singh (2008) considered 
availability and cost analysis of the repairable systems, with different types of failures and one 
type of repair; but, omitted to analyze the system of three states. Further, the system possibility 
of two different types of repair between adjacent states can’t be ruled out, when this possibility 
exists, reliability of the system can be analyzed with the help of copula discussed by Nelsen 
(2006).  
 
The paper demonstrates the system considered as a three state complex system which can be in 
partial failed and completely failed states. The partial failed system is repaired by general repair 
rates. When the system fails completely due to catastrophic failure, it is repaired in two ways 
namely exponential and general repair rates to reach its normal state directly. 
 
So, in comparison to the former models, a model is well thought out where two different repair 
facilities, available between neighboring states (S0 and Sc where S0 is the normal state and Sc is 
the completely failed state due to catastrophic failure) has been addressed. Each component of 
the system has a constant failure rate and general repair rate. However, the repair from state Sc to 
S0 is of two types, namely exponential and general. The system is studied by using the 
supplementary variable technique, Laplace transformation and Gumbel-Hougaard family copula 
to obtain various reliability measures such as transition state probabilities, steady state 
probabilities, availability and cost analysis. At last some particular cases of the system are taken 
to highlight the different possibilities. Transition diagram for this model is shown in Figure 4.1. 
 
 
2. Brief Introduction of Gumbel-Hougaard Family Copula 
 
The family of copulas has been studied extensively by a number of authors including Nelsen 
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3.  Assumptions 
 
(i) Initially the system is in normal state. 
 
(ii) The system has three states: normal (S0), partial failed (Sp) and completely failed (Sc) 
state. 
 
(iii) Each component of the system has a constant failure rate and a general repair rate. A 
general repair is represented that the failure rate takes a value between 0 and 1 in 
repairable systems. 
  
(iv) Transition from the completely failed state Sc to the normal state S0 follows two different 
repair rates. 
 
(v) After repairing system is as good as new. Repair never damages anything. 
 
(vi) Joint probability distribution of repair from completely failed state Sc to the normal state 
S0 by Gumbel-Hougaard family copula. 
 
 
4.  Nomenclatures  
 
)(xp  Rates of partial repair. 
 
)(),( yy cc   Rates of catastrophic repair and corresponding pdf of repair times respectively. 
 
cp  ,  Partial and Catastrophic failure rates of transition from state S0 to Sc and S0 to Sp 
respectively. 
  
Pk(t) P[at epoch t the system is in state Sk ]: k=0, c, p. 
Pk(h, t)dh P [system is in state Sk at epoch t and has sojourned in this state for duration 
between h and h+dh]: h=x, y 
u1, u2 Marginal distribution of random variables. 
 
Ep(t) Expected profit during the interval (0, t]. 
 




u2 = )(yc  
The joint probability (completely failed state Sc to normal state S0) according to 
Gumbel-Hougaard family is given as:   /1])}({logexp[ yy c . 
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5.  Formulation and Solution of Mathematical Model 
 
 
Probabilistic considerations and limiting procedures yield the following set of difference-
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1)0(0 P  and other state probabilities are zero at t = 0                            (6)  
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6.  Evaluation of Laplace Transformation of Up and Down State Probabilities 
 
The Laplace transformations of the probabilities that the system is in up (i.e., either good or 
degraded state) and down state at any time are as follows: 
 
)()()( 0up sPsPsP p  
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, where )(tF is a function of time t and )(sF is the Laplace 
transform of )(tF , provided that the limit on right hand exists, the following time independent 
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8.  Particular Case 
 





























 in (13) through (14), the Laplace transformations of up and 
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9.  Numerical Computations 
 
(i) Availability Analysis 
 
Substituting 1,80.0,60.0,40.0,20.0   ycc  in (17) and taking inverse Laplace 
transform, one can obtain 
 
)]4591.1sinh(8629292029.0)4591.1[cosh()( )4591.1( ttetP tup 
 ,                    (19) 
 
)]5591.1sinh(7434417292.0)5591.1[cosh()( )5591.1( ttetP tup 
 ,                    (20) 
 
)]6591.1sinh(6383581460.0)6591.1[cosh()( )6591.1( ttetP tup 
 , and                   (21) 
 
)]7591.1sinh(5452219885.0)7591.1[cosh()( )7591.1( ttetP tup 
 ,                    (22) 
 
 
Setting t =0, 1, 2, 3, 4, 5, 6, 7 units of time, in (19), (20), (21) and (22), to get the numerical 



















Fig 9.1: Availability as function of time  
 
 (ii) Cost Analysis 
 
Let the service facility be always available, then expected profit during the interval (0, t] is 
 
Figure 9.1.  Changes of availability of the system with respect to time. 
 









= 0 . 2 0

c
= 0 . 4 0

c
= 0 . 6 0

c










T i m e  ( t )
 
7
Ram: Reliability Measures of a Three-State Complex System: A Copula Approach
Published by Digital Commons @PVAMU, 2010







1 )()(                           (23) 
 
Using (19), (20), (21), and (22) for the same set of parameters in (23) respectively, one can 
obtain  
 
)9182.2cosh(2348550427.0)9182.2sinh(70234855042.0[)( 1 ttKtE p            
                        tKt 2]70234855042.09314646014.0           (24) 
)1182.3cosh(50411388414.0)1182.3sinh(50411388414.0[)( 1 ttKtE p   
tKt 2]50411388414.08717208646.0           (25) 
)3182.3cosh(00544936794.0)3182.3sinh(00544936794.0[)( 1 ttKtE p   
tKt 2]00544936794.08191790730.0           (26) 
)5182.3cosh(20646321999.0)5182.3sinh(20646321999.0[)( 1 ttKtE p   
tKt 2]20646321999.07726109942.0  .        (27) 
 
 
Taking K1= 1; K2= 0.10 and setting t =0, 1, 2, 3, 4, 5, 6, 7 units of time, in (24), (25), (26) and 
(27), to get the computed values of Ep(t) and to have the Figure 9.2. 
 
 
Figure 9.2. Expected profit as function of time 
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10.  Conclusions 
 
Fig 9.1 provides information on how availability of the complex repairable system changes with 
respect to time when catastrophic failure is fixed at different values. When λc fixed at 0.20 and 
taking repair makes the system hundred percent ok, the availability of the system decreases with 
respect to time but stabilizes at value 0.9314 in the long run. When failure rate is fixed at 0.40, 
the availability of the system decreases sharply during initial stage but later on stabilizes at 
0.8717. Also when λc is fixed at 0.60 the availability of the system decreases sharply and 
stabilizes at value 0.8191. It is also interesting that availability of the system decreases more 
sharply and gives very low value with respect to other cases at λc=0.80 but stabilizes at value 
0.7726 in the long run. The Figure 9.1 reveals that when the failure rate increases availability of 
the system decreases. 
 
When the revenue cost per unit time K1  is fixed at 1, service cost K2 at 0.10 and failure rate λc 
varies from 0.20, 0.40, 0.60 and 0.80, one can obtain the numerical values of the expected profit 
for repairable system which is depicted by Fig 9.2. One can conclude by observing these graphs 
that as the failure rate increases, the expected profit decreases. For lower failure rates the 
expected profit is higher in comparison to higher failure rates. 
 
The proposed model aims to study the reliability characteristics of a complex system with the 
incorporation of copula. The encouraging results presented in the paper confirm that 
incorporation of Gumbel-Hougaard copula improves significantly the reliability of a complex 
system when two adjacent states can be repaired in two different ways. Thus, in general with 
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